Numerical solution of ODE
(Ordinary Differential Equation)
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What is an ODE ?

Example:
P fis an unknown function

a
f'(x) =af(z) +b
A 4

dérivative of f fis 1D function
depends of f (otherwise PDE)

Can also be written as: y’ = ay -+ b
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What is an ODE ?

More examples:

Linear, constant ,(CE') — 4f($) + 2

coefficients

Linear, variable f,(ZC) - 4(33 _ 5)f(£13) + 2332 — T

coefficients

Non linear f(z) = 4z sin(zf(x)) + 2/ f4(x)
s [ F(2) = F(z, )

Even more general: Implicit formulation

R(z, f. f') =0
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What is an ODE?

Order of ODE:
S d order, /! . / B
mear e f(x) = 2f(2) + 3f(w) — 4

Third order,

third order, - £(3) () = 22 sin (' (2) + f'(2)) — f*()

General definition:

f" @) = F, £, 1 )

Even more general;

R, £, f'so o f7 N ) =0

003



Why do we need ODE?

Physics:
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Why do we need ODE?

Biology:

Population grows

~
|
2

fl : prey { f{( ):fl(t)(a_ﬁf2(t))
2 predator | fy(t) = — fo(t)(y — 61 (1))

Lokta-Volterra equation

[Wikipedia] 0
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Why do we need ODE?

Physics:

RO (t) +i(t) = Cu'(t)

o.oclelm

-

ooom_/\/v\_—‘
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0.0002

u(t)
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______
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______

006



What can we solve analvtically?

Linear + constant coefficient
aof(x) + arf'(x) + -+ + anf"™ (z) = r(z)
Linear + variable coefficient + low order

ao(z) f(z) + a1(x) f'(x) + az(2) " (z) = (=)

Non linear: Almost never
Existence and uniqueness ?
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Case study: Free fall under gravity

Motion equations;

! V
Initial conditions: X/ ig
X(t=0)=x,q
v(t=0)=v, >
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Numerical approach

@ ; \
Motion equations: Initial conditions: ﬂ \

x'(t)=v(t) x(t=0)=x /
v'(t)=g v(t=0)=v2 A 'l'g

Approximation:

f,(t) ~ f(t T d(g o f(t)
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Numerical approach

Motion equations:

x'(t)=v(t)
v'(t)=g
Solution
vkt = vk L (A)g
XK1 = xk L (At)vk
A V' ﬁ’dt g
dt Vvvk+]_
s ¢
>

Initial conditions: 4 V

=00 | x|

Y

Code;

x=x0;
v=v0
for (k=0; k<N; ++k)
{
x=x+dt *xv;
v=v+dt *qg;
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Numerical approach

Motion equations: Initial conditions: | \Y
X'(t)=v(t) x(t=0)=x, / lg
vi(t)=g v(t=0)=v, X

Numerical solution: >

vt = vk (Al)g
X1 = xk + (Af)vk

+

r$k+2 _ 233!{—1—1 . ZL’k 4+ (At)Qg
=>4z =g

2! = 29 + Atwg

=> X(t = kAt) = Xo + (kAt) Vo + k(k_ 1)(At)eg

Real solution:

X(t = kAt) = xo + (kAt)vo + %(kAt)zg
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Accuracy

Numerical error: ||X(kAt) — j'((kAt)” =

N | >

(At)g

Definition of accuracy of order h:

|x(kAt) - X(kAL| = O((At)"™)

L+ o+ k2t g
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Matrix formulation

Linear ODE of order n - x(t)
= system of ODE of order 1 u(t) = z'(t)

u' (t) = Au(t) + b(t)

(3 0) v () - ()
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Matrix formulation

u'(t) = Au(t) +b(t)  wo=( 7)) =(8 )
0=(5)
Same approach:

uF T = I+ At A)u® + At b

Same solution ...
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Matrix formulation

/() = Au(t) +b(t)  wo=(1) a=(

Explicit Euler: — A uk + b
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Matrix formulation

/() = Au(t) +b(t)  wo=(1) a=(

k+1  k ¥
Explicit Euler: u u — Auk + b
At
k+1 k
Implicit Euler: u u —— Auk+1 + b
At A\
now

unknown
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Implicit Euler

T = (1— AtA)™! (u” + Atb)

rxk—i—Z _ 2£Ek+1 o l’k 4+ (At)2g
0

L0

T
z!t =20+ Atvg + (At)?g

k(k + 1)
2

x(kAt) = xo + (kAt) vo + (At)%g

Still not the true solution
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Implicit Euler

|

Explicit Euler

|

Exact trajectory

4.98

\
\
4.94 | \
\
f .Hl
4 9 L L L L L \
4 4,05 4.1 4.15 4.2 /4.25 4.3

Implicit Euler
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5 8 % ® B a B

Implicit Euler

r explicite

rajectoire exacte

Euler implicite

A

(constant speed vO0
during dt)

Explicit
2 Euler Vi

(constant speed v1
Xl during dt)

Implicit
g Euler
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Summary Explicit/Implicit Euler

u' (t) = F(t,u)

kE+1 .k
Explicit Euler: . U _ F(uk)
At
k+1 .k
Implicit Euler: 1 U _ F(uk—H)

(F must be inverted)
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Runge Kutta

Explicit Euler

At F(uF)

Uu

k+1

Runge Kutta (order 2)

A

F(uk;—l—l/Q)

At F(uF+1/2)

>

ykt1/2 — 4k + % F(uk)
uF = uf 4 At F(uFt1/2)
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Runge Kutta: Free fall

RK2 o |k +1/2 — b 4 % F(uk)
uFtl =k + At F(uk)

Fuk+1/2)
k

Fuf = (28, 0%) — ( v ) S iy
9 1 -
uk_|_1/2 _ LUk —|—At/2 Uk
v + At/2g
F(uFt1/2) = ( vk + Sy )
9
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Runge Kutta: Free fall

RK2 A b +1/2 = b 4 AL p(yk)
bt = o + At F(uF)
F(uk+1/2)
SV At F(ub+1/2)
(At)? ’“ ]
t U
a,:k_'_]. :.I'k —|—At ’Uk—|— Tg
ka+2 — okt _ ok (At)zg "
kAt
20 = => xk:$0+(/€At)v0+( )g
At)?
Lml:x0+Atvo+ ( 2) g
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Runge Kutta: ode45

k1 —F(tn Un)

ke =F (to+ §AL Uy + §AL ki)

ks —F(fn-i- AIUn+( k1+ kz)At)

ki =F(th+2 At un+(,0k1 gok2+%k3)m)

ks =F tn+At Un+ (—25k1 + 3 2ki))
ks =F(t,+ LAt

1631 175 575 44275 253
Un + (5zp86 K1 + 572K2 — 13833 K3 + 11805 K4 + dgeeKs) At)

2825 18575 3525 2 1
Upi 1 = Un+ At (sagmki _;588384’%12—'; 55296 15‘1; Taa36 K5 + 7 Ke)
Upp1 = Un+ At (grgki + 87Ks + sgaKa + 1777 Ke)
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Application to particles systems

Sprites:

Particles falling under gravity

Limited life time

Fill with animated transparent texture

(© Apple
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Application to particles systems

Drawing trajectories

[William T. Reeves. Particle Systems. A Technique for Modeling a Class
of Fuzzy Objects. ACM Transaction on Graphics, 17(3). 1983]

(© Lucasfilm, Star Trek Il [Reeves, TOG 83]
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Spring Mass System

Spring force

F(t) = K(Lo — a(t))

Equation of motion

" (t) = K/m(Lg — x(t)) Lo

ODE formulation

u'(t) = Au(t) + B

Az(OK/m (1)) b:((l)LOK/m>
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Spring Mass System

Spring force \
F(t) = K(Ly— x(t))

Explicit Euler: L
$k+2 _ 2£Ck+1 _ (1 1+ (At)2 %) (L'k + (At)Q%LO

,,,,,, | | Expect:
(t) = Asin(wt + )
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Spring Mass System

Spring force

F(t) = K(Lo — x(t))

Explicit Euler: Lo
ah 2 = 208 — (14 (AD)2E) 2% + (A2 E L

; ; K
Do not diverge if 1+ \/(At)2a) <1

=> Always diverge to infinity !
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Spring Mass System

Spring force K
F(t) = K(Lo — z(t))
Add fluid damping

Fy(t) = —p v(t)

New equation for explicit Euler:

Conditionnaly stable

Large K => Stiff springs Stiff ODE
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Accuracy != Stability

30

35

40

45

-2

35

40

45
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Implicit Euler

1 — At 0

M

. [K
Eigenvalues of M 1 - At — <1

Unconditionally stable

Z\N\NW\A-
ok S
2} ]
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Automatic step-size

Compute:

o ul Tt = + At F(uP)

) :+1/2 k+1;|_2At/2 F(u® 1) >
1
uy =y T+ A2 Fuy )
o o= [luy™ —uz™

e < Ky = (At)pew = At/2
e < Kupin = (At)new = 2A\t¢

.
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Cloth Simulation

BN
as

1T
u

(R
'} ’“‘;,’
e
-
-

N | 5
N =
“".’;a
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Cloth Simulation

In 3D:
F(t)=K(Lo—|lp—

7
b XIXIXTIXIX
X ‘ A XX
AN o
K PRSIl X
DIXIXIX]
' A'A' e
XIS
X(t) )
v(t)
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Cloth Simulation: mass springs

Model cloth using coupled springs
Force on a vertex i with neighbors V;

: _2: ] /. W / )
F(X"t)_,-.-y,K (18 = = x1) i — x|

T3

() =5 5K (L - lx - %) iy + 9

Use you best interpolation scheme

[P. Jacobs] 036



Cloth Simulation: spring types

Structural Shearing Bending
springs springs springs

neighbors

Eurrent position

spring
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Cloth Simulation: Resolution

Explicit Euler

//Compute forces
For all 1
For j: 4 direct neighbors (structural): K=Kl
4 diagonal neighbors (shear) : K=K2
8 neighbors (bend) : K=K3
u=p[i]-p[]]
F[1i] += K (LO-norm(u)) *u/norm(u)

For all i Structural springs Shearing springs Bending springs

v[i] += dt*F[1i]
pli] += dt*v[i]

neighbors

urrent position
spring
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Complex cloth simulation

Full simulation = Cloth + complex collisions

[Grinspun, SIGGRAPH 09]

[DAZ3D, Dynamic Clothing]
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Cloth simulation: Limitations

Mesh influence
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Implicit scheme

Write the system in a vectorial form
U(t) — (pO(t)vpl(t)a “e = 7pN—1(t)7 UO(t)v o o 7UN—1(t))

u'(t) = F(u(t))

Non linear system with N unknown: impossible to invert
Linearize the system in p(t) — po = AL v(t) + O ((At)?)

Get a linear system.
Loss of the inconditional stability:
In practice, very stable
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Implicit scheme

Linearization:

f f
f(pn + Ap, v, + Av) =1, + 8—Ap + a—A’U
op ov

Solve a linear system at each time step
AAv=Db

A=T1— AtM—lg —AtQM—lﬁ
ov
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