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Meshes

langles

all faces are tr
all faces are quadrangles.

Mesh = Set of polygons sharing some edges
multiple polygons

N: faces, N, vertices, N, edges.

Triangulation

Quad mesh
Poly mesh
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Meshes

Poly-mesh : Special case of triangulation

Triangulation = Linear map S

o [ PR SR B
"\ (wv) = S(u.v) = uAB+ vAC + OA

D:(u,v)e[0,1]°,0<u+v <

A

B
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Coordinate within a triangle

Position of point p with respect to vertices (A,B,C) ?

4P — uAB v A
y
)}/

z

=P-A=u(B-A)+v(C-A)
=P=(1-u-v)A+uB+vC.

N >4
"

w

(u,v,w)=Barycentric coordinates

P=wA+uB+vC B «—— A
u+v+w=1
0<(uv,w) <1,
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Linear interpolation
Color interpolation

r(u, v) (1 —Uu—V)ra+urg + vre : y
glu.v) =(1—-U—Vv)ga+Ugs+Vgc »}/
X

b(u,v) (1 —u—v)ba+ ubg+ vbe

For a general function f defined
per vertices

flu,v) = (1 —u—2v)fa+ufp+vfc
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Linear interpolation

Can interpolate textures coordinates

{ = (1 —u—V)t(A) +uty(B) + vi(C)

t=(1-u—-v)t,(A)+ut,(B)+ vt (C)
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Barycentric coordinates

Given a point p = (z,y, z) € R?
How to know («, 8,7) such that p = apa + Bps + YPc
at+pB+vy=1

[ A= area(Xg — Xa, Xg — X4)
A1 = area(xc — Xg. X — XB)

A = area(XA—Xc,X—Xc) ) Yy
\ A3 = area(xB — Xa, X — XA) }/
X
with area (Vp, V1) = 1/2||vg x V4|
A

@ = A1 /A

={ B=A/A
v =As/A
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Mesh quality

min = 60°

ing

(FEM), Renderi
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Mesh data structure

How to encode a tetrahedron

1st solution:

~

O O O O
~
o PO O

~

-

O O O O
~
O O = O

~

~
~

~
~
-
~

(B
QD QO O O
~
R o O O

~

o O O O
~
o O O O

~

2nd solution:

Geometry:
(0,0,0),(¢(1,0,0),(¢0,1,0), (0,0,1)
Connectivity

(O Ly 3)

(0,3,2)
(0,2,1)
(Ly 25z 3)

.0,1.0)
: 07 0:0)
:0,0:0)
.0,0.0)

2 : (0.0, 1.0,0.0)

0: (0.0,0.0,0.0)

1: (1.0,0.0,0.0)
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off

(Q\
— O O O 1 O o —

Example of file format

b O OO d O O

B
O 0O 10O - A O

—

O

<

4 1 5 7 4
4 3 6 75
4 2 6 30
4 2 4 7 6
4 0 3 51
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Data structure

Contiguous data in memory
=> Fast drawing using GPU

//(x0,y0,z0,x1,y1l,z1,...)
std: :vector <double> vertex

//(i00,1i01,i02,i10,1i11,1i12,...)
std::vector <int> connectivity

std: :vector <double> normal, color, texture ...

Access to the y coordinate of the vertex k
vertex[3*k+1]

Access to the y coordinate of the vertex s (0,1,2) of triangle t
vertex[3*connectivity[3*t+s]+1]
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Normals to a mesh

Smooth aspect
=> 1 normal per vertex

Average of normals
(wrong but commonly used)

nyp — Z T,
1€V(k)

ny, = ng/||ngl|

k: vertex index
1. face index

V(k): neighboring face of vertex k
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Normals to a mesh

In OpenGL: One normal per vertex interpolated
over the face.

per face normal per vertex normal
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Data structure: neighbors

1-ring = Vertices neighbors of a given vertex

std::vector <std::vector <int> > one_ring
// example for the cube:

one_ring[0] = [1,2,3]

one_ring[l] = [5,4,0]
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Data structure: neighbors

Neighboring triangles of another triangle §

Neighboring triangles of a vertex (1-star) }‘ E (
=> Used to compute normals v

Care is needed to the data structure:
Compromize between: access time, search time, memory consumption,

easyness
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Parameterization / Textures

Parametrization of a mesh = construct S (piecewise) given I’

[Botsh, Pauly, Kobbelt, Alliez, SIGGRAPH Course Notes 2007]
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Textures

In practice: Charts(pieces with overlays)
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Softwares

=)o Geomview - The Geometry Center X=@) oo
File Edit Inspect Space Motion Help Mainl Done

i Hide Target
‘ Geomview 1.9.4 Hige | _—
=

Center

xJ=)E] Blender
> |[@J v View Select image Uvs [

argets I Exiernal Modues

imator target
[g1] dinequadfit.off Clipboard
[c0] Camera (Clock I [B]Box Center
Draw Boundary
Nose
%L
- - [otate frans
B
x])(=)@] Camera (Euclidean view) o~

feleale Ty
Izloom  [olrbit
[Hlalt [L];nk
\ b
o 20¢
i
center [Wjreset
Ve Ve Ve VG e e
E“Ell'l Fh' A Auto Smooth. [Teasheah: Beauty | Short Subdivide | Innervert 3 A Mtres
e S e L e
L W 5 T T
[ o |
[t ] Ve ot
Select Cup
Do S [ oo [

> [T

Geomview (Viewer)
Meshlab (Mesh Processing)
Wings 3D (Subdivision)
Blender (Artists)
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Meshes

Topological caracteristic
Data structure

Subdivision
Mesh Smoothing
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Euler Poincareé caracteristic

Mesh with Ny faces, N, vertices, N, edges
Ng—Ng+ Ny =x=2(c—g)—0
x: Euler caracteristic (Gauss-Bonnet theorem)

c: Number of connex components
g: Number of holes (topological genus)

b: Number of boundaries

[Wikipedia]
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Data structure

Encoding geometry + connectivity

+ Fast rendering
+ Generic
+ Simple

- No neighboring info
- Add/delete in O(N)

indices

OFF
05 75

.175114 -0.047799 -6.045492
.199566 6.738914 -0.064795
.010689 0.674496 0.608990
.915538 0.153071 0.107408
.070148 0.767894 -0.116107
.053836 -0.782815 0.109714
.162416 -0.785481 0.088014
.112365 -0.782492 0.135482
.240928 6.031451 0.631956
-0.259289 6.200557 0.035420
0.296891 -6.707385 0.143375
-0.190129 -0.059002 0.109358
-0.010148 0.024179 -0.067283
-0.112968 -0.089127 6.092391
-0.185828 6.377372 -0.111155
20 41

34 11 13

12 30 0

39 13 17

23 22 21

29 38 17

32 0 13

14 @ 37

24 4 21

14 32 1

24 2 22

31225

4 24 15

21 15 26

35 34 13

19 32 13

19 13 27

[
@ @

' [ R
P2 2D PDPDPODODDD

W W uwuwwwwwwwwwwwwww
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Halfedge data structure

Store successive (half) edges
Encode the edges:

Faces can be reconstructed along the path (only for 2-manifold)

Addition/suppression in O(1)

halfedge
Incident ha":edge
vertex
next previous

halfedge halfedge
Incident face

Halfedge

Halfedge opposite();
Halfedge next();
Halfedge prev();

Vertex vertex();

Face face():

022



Edge collapse

Delete an edge (base operation of mesh simplification)

v
Sk

[CGAL]
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Best data structure

Find a suitable compromise

Contiguous indices in array Halfedge in list
+Simple, general, adapted to GPU + Neighbor in O(1)

+ Random access O(1) + Add/Delete in O(1)

- Neighborood access in O(N) - More complex structure
- Add/delete in O(N) - Only for 2-manifold

- Non contiguous in memory
- Random access in O(N)

Hal fedge_handle g = h-=>next()->opposite()-=next();

P.split_edge( h-=next());

P.split_edge( g-=next());

P.split_edge( g);

h-=>next()->vertex()-=point()

g-=next()->vertex()-=point() Point( O, 1, 1):

g->opposite()->vertex()->point() Point( 1, 1, 0O);

Halfedge_handle f = P.split_facet( g-=next(),
g-=next()-=>next()-=next());

Hal fedge_handle e = P.split_edge( f);

e->vertex()-spoint() = Point( 1, 1, 1);

P.split_facet( e, f-=next()-=next());

[CGAL]

Point( 1, O, 1);
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Lib implementing Halfedge DS

Home | Intranet A <
Documentation ? / \
e (o) ‘
Onina Manual i
Instakation Guide - )
Tubxiaks = e e
Albancass Computational Geometry Algorithms Library
Software
Download ‘The goal of the GGAL Open Source Project s fo provide easy access fo
License efficiont and rliable geometrc aigorthms in the form of & C++ Wbrary.
The CGAL Philosophy sed in various. aeas needing geomeiric computation, such as:
Admowledging CGAL computer graphics, scientific visualization, compuler aided design and
Workin Progress modeling, geographic informalion systems, molecular biology, medcal
Release History imaging, robotics and moiion planning, mesh generation, numerical
B methods... Mors on the projects using CGAL web page.
5 The Computational Geometry Algorithms Library (CGAL), offers dala  News
i i aigorithms D constrained trianguistions
Feporing Bugs and Delaunay riangulations in 2D and 3D, periodic trianguiations in 3D),  October 48, 2010
Maiing st Varanol diagrams (for 2D and 3D points, 2D addtively weighted Voronol o S
Gagrams, d ssgment Voronoi diagrame), polygons (Booleen =g
Project operations, offsets, straight skelefon), polyhedra (Boolean operations), sy 27.29, 2010
P Manbers armangements of curves. and their appécations (2D and 3D envelopes, Vst the COAL project cn
Nivoid Minkowski sums), mesh generation (2D Delaunay mesh generation and ol
Project Rules 30 surface and volume mesh generation, skin surfaces), geometry i‘;:"”“
Partners and Funding processing (surface mesh simpification, subdvision and paramelerzation, ,, AUS%S.

CGAL (C++ complex,
Graphite (remeshing, parameterization, GUI)

File GEL Window Scene Mesh Attributes
A X

,‘ﬁ ALICE =@l

P e

Viewer controls
)

o [l
auto focus
selected anly
nignighting
home | &

Object List

1] suggested edge length: 0.012954

Atlas

Graphite - 30 Editor

Shaders | Tools
apply to all abjects

Plain -
backface culling o
NO_CULLING .
use color attribut. ¥
smooth 8
Highting x

surface style

mesh style
x 5 S

border style

points as spheres X
vertices style

5 B

anchors style

pins style

Computer Sciences 8

Prof. Dr. Leif Kobbelf

Weicome to the Ope

Monday 08. of March 2010

exact computation, lot of algorithms

OpenMesh (more simple than CGAL, less algorithms)
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Lib implementing Halfedge DS
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026



Short introduction to CGAL
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Short introduction to CGAL

#include <CGAL/Cartesian.h>

// contains informations about types
/I in c++ : a traits class
typedef CGAL::Cartesian<float> Kernel;

int main()

{
Kernel::Vector 3 x0(1.0f,2.0f,3.0F);
Kernel::Vector 3 x1(2.0f,1.2f,5.2f);
std: :cout<<x0<<" , "<<xl<<" , "<<x0+xl<<std::endl;
return 0;

}

028



Generate a mesh in CGAL

#include <CGAL/Cartesian.h>

//maillage 3D
#include <CGAL/Polyhedron_3.h>

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main()

{
Kernel: :Point_3 p0(0.0,0.0,0.0);
Kernel: :Point_3 pl(1.6,0.0,0.0);
Kernel::Point_3 p2(0.0,1.0,0.0);
Kernel: :Point_3 p3(0.0,0.0,1.0);

Polyhedron mesh;
mesh.make_tetrahedron(p0,pl,p2,p3);

Polyhedron::Vertex_iterator it=mesh.vertices_begin();
Polyhedron::Vertex iterator it _end=mesh.vertices_end();
for(;it!=it_end;++it)

{
Polyhedron: :Point_3 p=it->point();
std: :cout<<p<<std::endl;

}

return 0;
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Generate a mesh in CGAL

#include <CGAL/Cartesian.h>

//maillage 3D
#include <CGAL/Polyhedron_3.h>

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main()

{
Kernel: :Point_3 p0
Kernel: :Point 3 pl
Kemel: :Point_ 3 p2
Kernel: :Point 3 p3

—— — —
oopo

Polyhedron mesh;
mesh.make_tetrahedron(p0,pl,p2,p3);

auto it=mesh.vertices_begin();
auto it_end=mesh.vertices_end();
for(;it!=1it_end;++it)
{
const auto p=it->point();
std: :cout<<p<<std::endl;

}

return 0;
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Load a off file in CGAL

#include <iostream>

#include
#include
#include
#include

<fstream>

<CGAL/Cartesian.h>
<CGAL/Polyhedron_3.h>
<CGAL/I0/Polyhedron_iostream.h>

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main()
{
Polyhedron mesh;
std::ifstream stream("../cgal_4/cube.off");
stream>>mesh;
std::cout<<"N_vertices = "<<mesh.size of_vertices()<<std::endl;
std: :cout<<"N_faces = "<<mesh.size_of_facets()<<std::endl;
std::cout<<"N_halfedges = "<<mesh.size of halfedges()<<std::endl;
auto it=mesh.vertices_begin();
auto it_end=mesh.vertices_end();
for(;it!=1it_end;++it)
{

}

retu

const auto p=it->point();
std: :cout<<p<<std::endl;

rn 0;
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Manipulate edges in CGAL

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main()

{

Polyhedron mesh;
std::ifstream stream("../cgal_5/cube.off");
stream>>mesh;

Polyhedron::Halfedge handle halfedge=mesh.halfedges begin()

const auto pO=halfedge->vertex()->point();
const auto pl=halfedge->opposite()->vertex()->point();

std::cout<<"edge 1 : ["<<pO<<",K "<<pl<<"]"<<std::endl;
halfedge=halfedge->next();

const auto p2=halfedge->vertex()->point();
const auto p3=halfedge->opposite()->vertex()->point();

std::cout<<"edge 2 : ["<<p2<<",K "<<p3<<"]"<<std::endl;

return 0;
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Travel through a mesh in CGAL

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main()

{
Polyhedron mesh;
std::ifstream stream("../cgal_5/cube.off");
stream>>mesh;

auto it_face=mesh. facets_begin();
auto it_face_end=mesh.facets_end();

int face_number=0;
for(;it_facel=it_face_end;++it_face)
{

std: :cout<<"FACE : "<<face_number<<std::endl;

auto halfedge=it_face->halfedge();

const auto halfedge_end=halfedge;

do

{
const auto p=halfedge->vertex()->point();
std: :cout<<p<<std::endl;
halfedge=halfedge->next();

}while(halfedge!=halfedge_end);

face_number++;

}

return 0;
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Subdivision
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Mesh subdivision

Subdivide for rendering, computing, deforming, ...
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Mesh subdivision

Subdivision of the connectivity
Several possibilities of subdivision

=> Canh generate arbitrary polygons

Two main approches:

- Interpolating schemes
- Approximating schemes
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Doo-Sabin subdivision

Given a face (p;)i=[o,N—1]

Compute middle vertex m; = (p; + Pi+1)/2

N
1
Compute the barycenter of the face b = N ; pi

The new vertices are n; = (p; + m; + m;_; + b)/4
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Doo-Sabin subdivision on a mesh
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Catmull-Clark subdivision

Barycenter of the face
=> new face vertex

Barycenter of the vertices + middle of face sharing the edge
=> new edge vertex

New vertex position : (Q+2R+S(n-3))/n

Q: Average of the face vertex
R: Average of the edge vertex
S: Old vertex

n: Valence
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Catmull-Clark subdivision

C? excepted at the extraordinary vertices
Approximation scheme

Face subdivision
Quad prefered
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Loop subdivision

Triangular meshes

New vertex Edge vertex

PiD Pi1 via

Vil Vi2

id

Pi4 Pi3

n

V’+1z(1~n0z)V’+aZPk E’+1:§(V1+V2)+%(V3+V4)
k=0

_ (5 (3 1 (2= :

““hls \8 12 n

042



Loop subdivision

C? excepted for extraordinary vertices
Approximation scheme

Face subdivision

Triangle subdivision

043



Y3 Kobbelt subdivision

Triangular mesh

N>

Vi

W,
AVA
/N

o e

/N

AVAV#VAV

A
%
\

\VAVAVA
o

/NN
/N
\VA

AN

AVA

\WAVAVA
\/

New vertices : barycenter of the old face
Change position of previous vertex:

079
(1 —an)p; + - Z P;
iev, n : valence

(4_2608(21)) ) : neighbor

Nl

iy =
n
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Y3 Kobbelt subdivision

C? excepted at the extraordinary vertices
Approximation scheme

Face subdivision

Triangle subdivision

[Kobbelt, SIGGRAPH 00]
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Butterfly

Triangular mesh

Regular vertex

Nl ~
ol

L 1
16 " 16

mask

Colm~

Add one point per edge
In the case of an irregular edge:

Extraordinary vertex
5,
% ;

(T s (B (> 5
Sz—k 1 COS i 2COS 2 ’

8022,81’3:07822 g 5 k=4
O 1
80—5,31,2——5 ’ k=3
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Butterfly

C! excepted at the extraordinary vertices
Interpolation scheme
Face subdivision
Triangle subdivision

047



Sharp edge in subdivision

Do not smooth every edges

[De Rose, Kass, Truong.
Subdivision Surfaces in
Character Animation.
ACM SIGGRAPH 1998]

[Pixar, Gery's Game]
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Laplacian smoothing
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Laplacian smoothing

Let f be a function defined on a smooth manifold (smooth surface).

I — RN
4

£1,8) —  f(&,&)

Differential geometry?
How to compare two vectors
at different positions ?
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Computation on manifold

Laplace Beltrami operator = Laplacian on manifold

1 0
= et Z ¢ Jdet (Ir) ZII' O,

Special case: Laplace on the coordinates of the mesh

fi(&1,82) = (&1, &2) = (®(81,82),y(81,82), 2(61,62))

Sp (Ap) = Eigenmode of vibrations = Fourier basis

Spectral theory of meshes

[Vallet, Levy, Eurographics 08]
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Laplacian smoothing

Low pass filter : Convolution of a Gaussian kernel in 2D
Solution of the heat equation (see Scale Space theory)
op

Y _A
ot P

How do we approximate /Aon a mesh?
Several possibilities, none is perfect

[Wardetzky, Mathur, Kalberer, Grinspun. Discrete Laplace Operators:
No Free Lunch. SGP 07]
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Laplacian smoothing

Simplest approximation

1

Ap(Po) = + Y (pi — Po) = bar — po

(

[Sorkine, Eurographics 05]
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