Meshes

Mesh = Set of polygons sharing some edges
N; faces, N. vertices, N, edges.
Triangulation: all faces are triangles

Quad mesh: all faces are quadrangles.

Poly mesh: multiple polygons

Topology Meshes

A surface is a manifold if the neighborhood of every point is
homeomorphic to a (half) disc

=> Every edge is shared by at most 2 faces (connectivity) Triangulation = Linear map S
+ no self-intersection (embeeding)

Poly-mesh : Special case of triangulation

DcR —R3

S (uv) o S{u,v) = uAB+ vAC + OA

2-manifold 2-manifold not a 2-manifold . 2
with boundaries B (Ve |8) 0 S




Coordinate within a triangle Linear interpolation

Position of point p with respect to vertices (A,B,C) ? Color interpolation

AP = uAB+ v AC { r(u,v) (1—Uu—Vv)ra+urg +vig z\/}
X

z g(u.v) =(1—-u—-v)ga+ Ugs+ Vgc

= P-A=u(B-A)+v(C-A) Y b(u,v) (1—u—vVv)ba+ ubg + vbe
=>P=(1-u-v)A+uB+vC. X
w

wsvaw)=Barycentrie coordinates For a general function f defined

per vertices

U+v+w=1 flu,v)=(1—u—v)fa+ufg+vfc
0<(uv,w)<1.

{ P=wA+uB+vC

Linear interpolation Barycentric coordinates

Can interpolate textures coordinates Given a point p = (:r y z) c R3
{ e =(1—-u—Vv)ix(A) + uty(B) + v i(C) How to know («, 3,7) such that p = apa + Sps + Ypc
y =01 -u-v)t(A)+ut,(B)+ vt,(C) at+B8+v=1

[ A= EFEE(XE — XA, X — X,q)
Ay = area(X¢ — Xg,X — Xg)
Ag = arEE(XA — R = Ic)

! Ag = area(]{s — Xp, X — K,q)

with area(Vp, Vi) = 1/2||Vp x V4|

a = A /A
= { B=A/A

v = As/A




Mesh quality

Triangulation 6,,;, =~ 60°
Quads O >~ 90°
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Example of file format:
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Mesh data structure

How to encode a tetrahedron

1st solution:

2nd solution:

Geometry:
(0,0,0), (L,0,0),(0,1,0}),¢(0,0,1)
Connectiwvity
(0,1,3)
{05 35:2)
B R
it W

1: (1.0,0.0,0.0)

Data structure

Contiguous data in memory
=> Fast drawing using GPU

o R0 1 IR L L W
std: :vector <double> vertex

VAR A 0,1 0 MO0 8 RS 0 S W s ol Ut R o SRl
std:yvector <int> connechbivity

std: :vector <double> normal, color, texture

Access to the y coordinate of the vertex k
vertex [3*k+1]

AT

(:

(0.0, 1.0,0.0)

A

(0.0, 0.0, 0.0

Access to the y coordinate of the vertex s (0,1,2) of triangle t

vertex[3*connectivity[3*t+s]+1]




Normals to a mesh Normals to a mesh

In OpenGL: One normal per vertex interpolated

Smooth aspect over the face.

=> 1 normal per vertex

Average of normals
(wrong but commonly used)

nE = E T ;
i€V (k)

ny, = ng/||nl]

k: vertex idex
i: face index
V(k): neighboring face of vertex k

per face normal per vertex normal

Data structure: neighbors Data structure: neighbors

1-ring = Vertices neighbors of a given vertex
Neighboring triangles of another triangle NA'E

std: :vector <std::vector <int> > one_ring Neighboring triangles of a vertex (1-star) QL*
// example for the cube: => Used to compute normals
ahe BINaTO] = [1:2,3]

one_ring([l] = [5,4,0]

Care is needed to the data structure:
Compromize between: access time, search time, memory consumption,

easyness




Parameterization / Textures Textures

In practice: Charts(pieces with overlays)
Parametrization of a mesh = construct S (piecewise) given |’
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Topological caracteristic
Data structure
Subdivision

Mesh Smoothing

i -iei

|

Geomview (Viewer)
Meshlab (Mesh Processing)
Wings 3D (Subdivision)
Blender (Artists)




Euler Poincare caracteristic Data structure

OFF

Mesh with N, faces, N, vertices, N, edges Encoding geometry + connectivity R ——

S -B.199566 6.730914 -0.064795
N }'\J‘ .'n"s‘? _ _ 2 C b indices _9.918689 0.674496 0.008980
S (1 f X g -0.915538 6.153871 0.187408

+ Fast renderlng -0.870148 ©0.767894 -0.116107

-8.053836 -0.702815 ©.189714
-+ GEHEFIC -0.162416 -P.785481 0.088014

8.112365 -08.782402 B8.135482

c: Number of connex components + Simple 8.248928 9.931451 ©.631906

-8.259289 6.208557 6.6835428

g: Number of holes (topological genus) oz 20557 0 e
= ND nEighbDring infﬂ -9.190129 -0.669082 ©.109358

-0.010148 0.024179 -0.067283

- Ad {N) -8.112968 -0.889127 ©.892391

x: Euler caracteristic (Gauss-Bonnet theorem)

b: Number of boundaries

-0.185828 0.377372 -0.111155
2b 4 1
34 11 13
12 36 @
38 13 17
23 22 21
29 38 17
32 8 13
14 @ 37
24 4 21
14 32 1
24 2 22
312 25
4 24 15
21 13 20
33 24 13
19 32 13
19 13 27

L W L W W L W L W W L e R L L L W

[Wikipadia]

Halfedge data structure Edge collapse

t ' f h si ificati
Store successive (half) edges Delete an edge (base operation of mesh simplification)

Encode the edges:
Faces can be reconstructed along the path (only for 2-manifold)

Addition/suppression in O(1)

Halfedge

Halfedge opposite();
Halfedge next();

Incident Halfedge prev();

vertex Vertex vertex():

next previous Face face():

halfedge halfedge
Incident face




Best data structure Lib implementing Halfedge DS

Find a suitable compromise

Computer Sciances 8

Contiguous indices in array Halfedge in list Q@ oL

+Simple, general, adapted to GPU + Neighbor in O(1) e
+ Random access O(1) + Add/Delete in O(1) _ . S el
- Neighborood access in O(N) - More complex structure e S S EE v L e
- Add/delete in O(N) - Only for 2-manifold — s i
- Non contiguous in memory
- Random access in O(N)

Hal fedge handle g = h-=next()-=opposite()-=next();

.spl@t_edgeﬂ h-=next()); 2 ;
.split_edge( g-=next(]); CGAL (C++ complex, exact computation, lot of algorithms)

.split_edgel( g): 5 : ; :
->next () ->vertex( ) ->point() Point( 1, 0, 1); Graphite (remeshing, parameterization, GUI)
g->next() ->vertex()->point() Point( O, 1, 1); OpenMesh (more simple than CGAL, less algorithms)
g-=>opposite() -=>vertex()-=point() Point( 1, 1, 0);
Hal fedge handle f = P.split_facet( g-=next(]),

g-=>next()-=next()-=next());
Hal fedge_handle e = P.split_edge( f);
e->vertex()-=point() = Point( 1, 1, 1);
P.split_facet( e, f-=next()-=next()):
[CGAL]

Lib implementing Halfedge DS

Computar Sciances &

'ﬂ Fraf. Dr. Ledf Kobibalt

Short introduction to CGAL

Feraiey BB of Marck 2938

CGAL (C++ complex, exact computation, lot of algorithms)
Graphite (remeshing, parameterization, GUI)
OpenMesh (more simple than CGAL, less algorithms)




Short introduction to CGAL Generate a mesh in CGAL

#include <CGAL/Cartesian.h>

//maillage 3D
#include <CGAL/Cartesian.h> #include <CGAL/Polyhedron_3.h>

typedef CGAL::Cartesian<double> Kernel;
// contains informations about tj,fDES typedef CGAL::Polyhedron_3<Kernel> Polyhedron;
[/l Inc++ : a traits class int main{()

i 5 : . {
typedef CGAL::Cartesian<float> Kernel; KernéL::Point 3 pé
Kernel: :Point_3 pl

(0
(1
; - Kernel::Point_3 p2(0.
?{-ﬂt main() Kernel: :Point 3 p3(0

Kernel::VYector 3 x0(1.0f,2.

) Polyhedron mesh;
: mesh .make_tetrahedron(p0,pl,p2,p3);

;U )
2.l )

0f
Kernel::Vector 3 x1(2.0f,1.2f,

std: :cout<<xf<<" , "ecxleces" ] "e<x0+X 1lc<std: :El"‘ldlj Polyhedron: :vertex_;teratur ::Ltzmesh.vertices?hegin{};
Polyhedron::Vertex iterator it _end=mesh.vertices end();

for(;it!=it_end;++it)

= : : {

return 0 ’ Polyhedron: :Point_3 p=it-=point();
std: :cout<<p<<std::endl;

}

return 0;

Generate a mesh in CGAL Load a off file in CGAL

#include <iostream>

#include <fstream>

#include <CGAL/Cartesian.h>

#include <CGAL/Polyhedron_3.h>

#include <CGAL/I0/Polyhedron_iostream.h>

#include =CGAL/Cartesian.h=

//maillage 3D
#include <CGAL/Polyhedron 3.h>

typedef CGAL::Cartesian<double> Kernel; :
2 = , typedef CGAL::Cartesian<double> Kernel;
Lypecsr LA Reklng Forl_dSparmmle- Falynea o, typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

i int main()
{
Kernel::Point_3 p0O ‘ {
e : Polyhedron mesh;
Kernel::Point 3 pl :
Kernel::Point_3 Ez ; std::ifstream stream("../cgal_4/cube.off");

Kernel::Point_3 p3 : st ream>>mesh;

std: :cout<<"N_vertices = "<<mesh.size_of vertices()<<std::endl;
Polyhedron mesh; std::cout<<"N_faces = "<<mesh.size_of_facets()<<std::endl;
mesh .make tetrahedron(p0,pl,p2,p3); std: :cout<<"N _halfedges = "<<mesh.size of halfedges|()<<std: :endl;

auto it=mesh.vertices_begin(); auto %t=me5h‘vertic257begin{};
auto it_end=mesh.vertices_end(); auto }t_Eﬂd=mESh-U?FthES_Eﬂd[}:
for(;it!=it_end;++it) for(;it!=it_end;++it)
{ {
const auto p=it->point(); const auto p=it-=point();
std: :cout<<p<<std::endl; std: :cout<<p<<std::endl;

¥ +

return 0; return 0;




Manipulate edges in CGAL

{

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main()

Polyhedron mesh;

std::ifstream stream("../cgal 5/cube.off");

stream>>mesh;

Polyhedron::Halfedge_handle halfedge=mesh.halfedges_begin() ]

const auto pO=halfedge->vertex()->point();
const auto pl=halfedge->opposite()->vertex()->point();

std::cout<<"edge 1 : ["<<pO<<",6 "<<pl<<"]"<<std::endl;
halfedge=halfedge->next();

const auto p2=halfedge->vertex()->point();
const auto p3=halfedge->opposite()->vertex()->point();

std: :cout<<"edge 2 : ["<<p2<<","<<p3<<"]"<<std::endl;

return 0:

Subdivision

Travel through a mesh in CGAL

typedef CGAL::Cartesian<double> Kernel;
typedef CGAL::Polyhedron_3<Kernel> Polyhedron;

int main()

{
Polyhedron mesh;

std::ifstream stream("../cgal_5/cube.off");
stream>>mesh;

auto it_face=mesh.facets_begin();
auto it_face_end=mesh.facets_end();

int face_number=0;
for(;it_face!=it_face_end;++it_face)
{

std::cout<<"FACE : "<<face_number<<std::endl;

auto halfedge=it face-=halfedge();
const auto halfedge_end=halfedge;
do

{
const auto p=halfedge->vertex()->point();
std: :cout<<p<<std::endl;
halfedge=hal fedge->next();

}while (halfedge!=halfedge_end);

face number++;

}

return 0;

Mesh subdivision

Subdivide for rendering, computing, deforming, ...




Mesh subdivision Application to sphere subdivision

Subdivision of the connectivity
Several possibilities of subdivision

=> can generate arbitrary polygons

Two main approches:

- Interpolating schemes
- Approximating schemes high quality triangulation

Doo-Sabin subdivision Doo-Sabin subdivision on a mesh

Given a face (p;)i=[o,N—1]

Compute middle vertex m; = (p; + Pi+1)/2

N
1
Compute the barycenter of the face b = — Z pi
N 1=0
The new vertices are n; = (p; +m; + m;_1 + b)/4




Catmull-Clark subdivision Catmull-Clark subdivision

Barycenter of the face C? excepted at the extraordinary vertices
=> new face vertex Approximation scheme

Barycenter of the vertices + middle of face sharing the edge Face subdivision
=> new edge vertex Quad prefered

New vertex position : (Q+2R+5(n-3))/n

Q: Average of the face vertex
R: Average of the edge vertex
S: Old vertex

n: Valence

Loop subdivision Loop subdivision

Triangular meshes C? excepted for extraordinary vertices

Approximation scheme
New vertex Edge vertex Face subdivision

Triangle subdivision

. 3 1
B g(m + Vo) + g(vg + Vi)




Y3 Kobbelt subdivision Y3 Kobbelt subdivision

Triangular mesh C? excepted at the extraordinary vertices
Approximation scheme

Face subdivision

Triangle subdivision

New vertices : barycenter of the old face
Change position of previous vertex:

(1 o {l’n)P@ B a—T: Z P;
JEVi
(12005 (%)) V : neighbor

n : valence

T

m” -

L
9

[Kobbelt, SIGGRAPH 00]

Butterfly Butterfly

Triangular mesh

1 . i
Regular vertex Extraordinary vertex C* excepted at the extraordinary vertices

Interpolation scheme
s, Face subdivision
Triangle subdivision

J s
I k: |

mask

Add one point per edge
In the case of an irregular edge:

55 — 1+f‘(‘ i +1m- -
.ﬁ,—k 1 08 i g,th 2

3
B ==, 813 =10,83 =- , k=4

5 1
12'512= 715 , k=3

S0 = 19




Sharp edge in subdivision

Do not smooth every edges

[De Rose, Kass, Truong.
Subdivision Surfaces in
Character Animation.
ACM SIGGRAPH 1998]

(Pixar, Gery's Game]

Laplacian smoothing

Let f be a function defined on a smooth manifold (smooth surface).
[ —

(§1,62) —  f(&1,€2)

Differential geometry?
How to compare two vectors
at different positions ?

Laplacian smoothing

Computation on manifold

Laplace Beltrami operator = Laplacian on manifold

B 1 a9 i €
A= r—_det(lr)zagf Jdetflr)jzl IE,

Special case: Laplace on the coordinates of the mesh

J (&1, 82) = p(&1,62) = (w(81,82),y(1,82), 2(61,82))

Sp (Ap) = Eigenmode of vibrations = Fourier basis
Spectral theory of meshes

[Wallet, Lewy, Eurographics 08]




Laplacian smoothing Laplacian smoothing

Low pass filter : Convolution of a Gaussian kernel in 2D Simplest approximation
Solution of the heat equation (see Scale Space theory) 1

Ap(po) = N Z(Pi — Po) = bar — py

1

How do we approximate /Aon a mesh?
Several possibilities, none is perfect

[Wardetzky, Mathur, Kalberer, Grinspun. Discrete Laplace Operators:
No Free Lunch. 5GP 07]

Xi-1

[Sorkine, Eurographics 05]




