Physically-based simulation

Particle based systems
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Reminder - Physically-based particle system

1. Description

Particle is fully described by: Position p, Speed v, Mass m () (t)
o p(t)
fundamental quantities: position and linear momentum P = mv m
Momentum preserved through time when no external forces are applied F (t)

2. Evolution
- Fundamental principle of the dynamics

Force applied on particle F(p,v,t)

{p’(t) = v(t)
P'(t) = my/'(t) = F(p,v,1)

- Conservation of energy (ex. kinetic energy (1/2 m v?)+potential energy = const, etc.)

- Lagragian, or Hamiltonian
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Reminder - Physically-based particle system

3. Numerical Solution

ODE (Ordinary Differential Equation) formulated as an Initial Value Problem

o {p’ (t) = v(t)

, withv(0) = vy, p(0) =
mv' (t) = F(p,v,t) W (0) 0> P(0) = po

- Discretize in time t* = kh, h = At = time step.

= Build a discrete numerical solution p* = p(t*), v* = v(t¥).

- We can consider initially the following iterative scheme

VP = oF + R F(pF, ", tF) /m
pk+1 — pk + h,UkH—l

Simple to implement, reasonably OK for simple examples (more details later).
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Example : Rigid spheres
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System modeling

v (T
Particles modeling the center of hard spheres. : ( )
- Spheres can collide with surrounding obstacles
- Spheres can collide with each others g my

- System: N particles with position p;, speed v;, mass m;, modeling a sphere of radius 7;.

- Initial conditions p; (0) = p? ,0;(0) = ’U?

- Forces: Single gravity forces F; = m; g. Collisions handled by impulses.
- Temporal evolution: Fundamental principle of dynamics v; (t) = p}(¢), vi(t) = g

- Numerical solution
{ ol = ok + R g
pk+1 — pk + hvk+1
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Collision with a plane

Plane P: parameterized using a point @ and its normal n. n

{peR*cP= (p—a) -n=0}

- Sphere above plane: (p; —a) -n > 7;

- Sphere in collision: (p; — a) - n <

- Collision detection algorithm

for(int i=0; i<N; ++i)

{
float detection = dot(p[i]-a, n);
if (detection <= r[i])
{
// ... collision response
}
}

What should we do when a collision is detected 6/60




Collision response with plane

Suppose exact contact: (p; — a) - n; = r;

Collision response = Update speed

Splitv =wv,, + v,
-v; =(v-n)n

v =v—(v-n)n

New speed
VY = vy — v =av— (B+a)(v-n)n
1 — a € [0,1] Speed loss in // direction (friction)

1 — B € [0,1] Speed loss in L direction (impact)
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Result: Collision response

Applying collision response on speed only
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Collision response with plane : position

In real case (discrete time) no exact contact, but penetration (pi — a) -n; <71

= Need to compute collision response at contact point.

Three possibilities

(1) Correct position in projecting on the

4
constaint W
t—nh t
(+) Simple to implement

(-) Physically incorrect position

(2) Approximate the correct position
(3) Go backward in to find exact instant of

collision

(+) Physically correct
(-) Computationally heavy (binary search, etc.)

(3)

9/60




Result: Projecting position on plane

>
o

&

*—

7

prev = pi + dn

d =r; — (p; — a) - n; : distance of penetration
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Collision between sphere

Given 2 Spheres (pl yU1,T1, ml)) (p27 V2,72, m2)'

Collision when ||p; — pof| < 71 + 72

Response to collision in speed

v = v — I
< "
,vnew = _|_ ‘7 u o .
2 2 Mo Rem. If mqy = mo, spheres switch between their | speed

11/60 )




Collision response with sphere - Derivation

- Conservation of momentum of the center of mass (COM)

J— new new
M1V + MaV2 = MV + Mav,

new

= my (V™ — v2) = —my (V7Y — v1) = J, J: the impulse

The impulse is orthogonal to the separating plane between the two surfaces

J=ju, u=(p1 —p2)/|lp1 — p2|

- Conservation of the kinetic energy (elastic collision)

1/2my 02 4+ 1/2my 02 = 1/2my (V7%)2 + 1/2m, (v7v)?2
. 2 . )
= mlv% + mw% —m (Ul — milu) + mo (’02 + mi2u)

.9 -2
=0=-2jv-u+ - +2jvr-u+ -

V1 —U3

= .7 =2 ]_/ml—l—l/TTL2 "u
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Final result

Reprojection on the contact surface

new __ ma
51 _p1+m1+m2du
new __ _ my

d=ry+ry— ||pr — 2
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Numerical solution of ODE
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General formulation

Consider relation given a system of first order differential equation
Mechanical systems are often expressed as
- scalar equation of second order in p

- system of first order in (p, v)

In general, we can write

w'(t) = F(u(t),t)

If F is an affine function in u

W (t) = A(t) ult) + b(t)

When A is constant through time

W (t) = Au(t) + b(t)
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Examples of formulation

- Free fall

- Free fall with linear drag

- Pendulum

- 1D spring / Harmonic oscillator
- 1D coupled spring

- 3D mass spring

Spring: usefull to model deformable elastic shapes
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Example: Free fall under gravity

-Force F(t) =mg

- Second order differential equation: p” (¢) =

/
¢ A
- First order system (p ) (v( ) )
v

\ - -’ A

I

- Linear system (p) ) = (
v

A - -’ -

(1)

O = Y

v

v

ﬂ<\_/

b(t)

(u,t) p(t) LR -
) (p () \

1
- Exact solution known: p(t) = 3 gt® + vyt + po

Note: variables are vectors - matrix can be expressed by block, or per components.
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Example: Free fall with linear drag

-Force F(t) = g — po(t)
- Second order differential equation: mp” (t) + up'(t) = myg

- First order system (p ) | () = ( v )

\v/ 0 \g—p/mo(t))
e P
0 1
- Linear system (p) (t) = ( ) <p> )+ (O)
v 0 _:u’/m v g
\ - s ~ 7 e d —~
no A “ "

’Ugo Vo (_ g ¢
- Exact solution known: p(t) = py + Voot + — [ 1 — — | e\ ™=
g

18/60 )




Example: Pendulum

- Scalar equation in 8, derived from Lagrangian

- Second order differential equation: 8" (t) = —g/l sin(6(t))

- First order system K z ) l(tz - ( —g /l(:gfl)(e(t)))

\ 7

u'(t) F(ust)
- Not linear (unless 8 << 1)

- No simple explicit solution
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Example: 1D spring (/Harmonic oscillator)

-Force F(t) = —k(p(t) — I°) , k spring stiffness, I’ rest length
- Second order differential equation: m p" (t) + kp(t) = k1°

- First order system (Z)l(t) - (—k/m UI(DZ) - lo))

H/—/ (.- _
~~

u'(t) F(u,t)
!
| » 0 1\ /(p 0
-Lmearsystem(v) (t): (—k/m 0) (U)<t)+ (k/m lo)
. -~ 4 \- ~ — v d Af—/
u'(t) A u(t) b

- Exact solution known: p(t) = A sin(wt + ) + I°
0 _ 0
Y

o= Vim0 = 0 0 + () tanfe) = B
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Example: 1D coupled springs

- Forces: . /\ /\ /\ /\ .

Fy(t) = —ka/ma((p2(t) — p1(t)) — 1)

>'
10 0
Fu(t) = k1 /ma(p1(8) — 19) + ko /ma((pa () — pr(8)) — 1) 1 2 :
t) pa(t)
1\’ v1(t)
) D2 va(t)
- First order system t) =
Y v1 (¥ —k1/mi(p1(t) — 19) + k2/ma((p2(t) — p1(t)) — 15)
2 —ka/ma((p2(t) — p1(t)) — lO
V . ~
w'(t) Flu,t)
b1 I 0 0 10 b1 0
. D2 0 0 0 1 D2 0
-L t t) = t
mear systet V1 ( ) —kl/ml k2/m2 0 0 V1 ( ) + kl/ml l(l) - k2/m2 1
V2 0 —kz/mz 0 0 V9 K2/m2 lo
u' (1) A u(t) i
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Example: 3D mass spring

-Force F(t) =mg— k(|[p(t)|| - I°) II%;II , k spring stiffness, I° rest length
p(t)

- Second order differential equation: m p” (t) = mg — k(||p(¢)|| — 1°) @)

, v(t)
- First order system | - t
rirsorder sysem (7) (0 <g_k/m<up<t>u—l°>%>

EY_/ « ~— .,
w(t) Flust)

- Not linear

- No simple explicit solution
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Existence of solution

Solving the physical system = Solving the Initial Value Problem (IVP)
- Find the solution of u/(t) = F(u,t),t > 0

- With initial condition u(t = 0) = g

Cauchy-Lipschitz (/Picard-Lindelof) theorem states that
If F is Lipschitz with respect to u and continuous with respect to ¢

Then there exists a unique solution u(t).

The solution is called the integral curve of the IVP.
- F can be seen as a vector field
(Vector field in 6D for p(t) € R?,v(t) € R?)

- Solution is a path along this vector field passing by u
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Solving the ODE exactly

Equation is linear Equation is non linear
Homogeneous, constant coefficients No general method
u'(t) = Au(t), u(0) = ug
= u(t) = up exp(At)

= Numerical approaches are required most of the time

Non-Homogeneous, constant coefficients

u'(t) = Au(t) + b(t), u(0) = wuyg

= u(t) = up exp(At) + exp(A t)/ b(t') exp(—At')dt
t'=0
Homogeneous, variable coefficients

u'(t) = A(t) u(t), u(0) = ug

= No closed-form solution in the general case

t
- Rem. Unfortunately, in general, u(t) is not uy exp ( / A(t) dt’)
0 24/60 )




Numerical solution

1st order Explicit Euler

Naive numerical scheme: Approximation of the derivative
= F(u®,t")

= uFl = u* + h F(uF, tF)
In the linear case

uFtt = (I+hA) u* + A

Pro : very easy to implement

Is u* a good approximation of the true solution @(t*) ?
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Explicit Euler - study case

Free fall under gravity

- True solution @(kh) = py + (kh)vy + (kg)Q

B+ b
- Numerical scheme: (p) - (1 h) (p) - ( O )
v 0 1 v hg

- Numerical solution: p* = py + khvy + @ h? g

= Not exact : Error e* = |u* — @(kh)| = SkA?
red: true solution

blue: numerical solution
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Explicit Euler - study case

1D spring

- True solution: permanent oscillation

D k+1 1 h D k 0
- Numerical scheme: = +
() (—K/mh 1) () (K/mhw)

- Numerical solution diverge to oo

- Worse than bad accuracy for Graphics

red: true solution
red: numerical solution
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Explicit Euler - study case

1D spring: Analysis of the system energy
-Energy E = 1mv? + £ (p — I°)?

1 K S| 2
ERL = 2m(—At (pk — lo) + vk> + §K(pk + At — lo)

m

1 1 1| K2
BN = Sm W)+ SK@ - U) 4 5 | (A (" 1) - 2KAL (p - 1) o + 2KAL (p" — 1) " + K(AL)? (vf)°
- E? >4 (.- ;6 7 ;,0 o ;’0

EMl = E* 4 e(At)%,e>0

= gain of energy

= divergence
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Accuracy of a numerical method - general definition

- Define the local truncation error 7:
Error accumulated during one step, assuming perfect knowledge of the true solution

T = ||@(t*) — u*||, assuming u* ! = (k1)
: ical scheme is sai f order k, if its local i is in O(h**!
A numerical scheme is said to be accurate of order k, if its local truncation error is in O( ).

Explicit Euler is of order 1, at every step we add an error in O(h?).
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Stability of a numerical method - general definition

- Classical stability of a method studied on u/(t) = Au(t), A € C.
- The true solution @(t) = exp(At) converge if R.(A) < 0.
- For linear system, A refers to eigenvalues of A.

- For non linear system, A refers to eigenvalues of the Jacobian of F

- A numerical method is unconditionnaly stable if R.(A) < 0 = stable discrete solution.
- Otherwise, it is conditionnally stable/unstable.

- Region of stability: Set of conditions on A such that the discrete solution doesn't diverge.

Rem.

- A numerical solution can diverge even when the true ODE solution converge when using unstable numerical method.

- Converseley, a numerical solution can converge even when the true ODE solution diverge when using stable numerical method.

- Stability ! = Accuracy.
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Stability analysis of explicit Euler

w'(t) = Au(?) AL.()\)
= uF! = ¥ + \uF using explicit Euler instable
k1 _ k
= u"" =(1+Ah)u @ RO
= Stable if |1 + A h| < 1 (conditionnal stability) -1/h >

.\
|1/h + A| < 1/h: Interior of a disc centered on (—1/h,0) with radius 1/h

Rem. For 1D elastic spring

A= +4i/K/m
= |1 +4y/K/mh|=+/1+K/mh?> 1

= Explicit euler is always unstable on the elastic spring problem.
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Other approach: Implicit method
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Other approach: Implicit Euler

Explicit Euler Implicit Euler
uk+1 — uk + hF(uk’ tk) uk+1 — uk + h‘r(uk‘Jrl,thrl)

ktl u* 1 appears in RHS

= Need to solve u"™ — h F(u", ") = o/

u* is known to compute u

- In the linear case

uF = I+ hA)u® + hb(tF)

- In the linear case : solve a linear system
uk-l—l _ ’U/k +h (Auk—i—l + b(tk—i—l))
= o = (I—-hA)" (" + RB(E))
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Implicit Euler - study case

Free fall under gravity

- True solution @(k At) = py + (k At)vy + (k 202

somatsrene (7)< (1) (2 (9)
()= D))

- Numerical solution: p* = py + (k At)vy + k(k; 2, (At) g

= Not exact : Error ef = |[u* — a(k At)| = 2 (At)%g

Same error magnitude than explicit Euler

- red: True solution
- magenta: Implicit Euler
- blue: Explicit Euler
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Implicit Euler - study case

1D spring

- True solution: permanent oscillations

k+1 -1 k
Numerical sch P ( ! _h) (p) +( ’
- Numerical scneme: =
v K/mh 1 v K/mhl

= (0) e (g 1) ()

1+iy/ £ h

1+ £ p?

Eigenvalues of (I — Ah)~! are

1:l:i\/%h

K 12
1+ £p

= —1__ < 1= always converge

1+ £ p2

m

=

Even if the true solution oscillates

K/mh2l0)
K/mhl

)
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Stability analysis of Implicit Euler

What are the general conditions for which v’ () = Awu(t) converge using Implicit Euler ?

uk-i—l — uk + h)\ukﬂ

= (1 — hA)uF! = o

B+l _ 1k
= U T—hx & stabl
1
Stabilit dition: <1=[1-hA2>1
ability condition 1—h)\‘_ | | >

|1/h — A| > 1/h: exterior of a disc centered on (1/h, 0) with radius 1/h
= Fully enclose R.(A) <0
= Implicit euler is unconditionally stable

Rem. May converges even when the true solution does not.
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Comparison Explicit Euler / Implicit Euler

Explicit Euler
-uf = uf + h F(uF,tF)
~uf = (I+ hA)uF + hb(th)
- Accuracy: 1st Order
- Stability:
Conditional |1 + hA| > 1

Solution to spring model diverges

Implicit Euler
Skl = gk 4 B F Ukt R
-ub = (I—hA) (ub + Rb(tFT))
- Accuracy: 1st Order
- Stability:
Unconditionnaly stable

Solution to spring model converge to I°
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Higher order accurate methods : Runge-Kutta
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Higher order method

Higher accuracy can be achived using Taylor expansion.

h* dF

. k+1 _ )k hF ktk A ktk
ex. u U + (’LL, )+2dt( ) )

- Second order accurate: 2nd order explicit Euler

- Can achieve arbitrary accuracy.
- In practice: computing derivatives of F is complex.

= Not often used

39/60




Runge-Kutta methods

Runge-Kutta numerical methods allow to
- Reach higher order accuracy
- Only involve knowledge of F, without its derivatives

- Involves several evaluation of F at various points

2nd order Runge-Kutta: RK2

wFtl = ok + % (kl + k2)
kl = h}'(uk,tk)
ky = h F(uf + kp,t* + h)

Accuracy, stability ?
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Computing Accuracy

Reminder: Local truncation error
T = ||@(t* + h) — u(tk + )|

Assuming true solution at time #;: %(¢*) = u(¢*) (and all its derivatives).

General methodology to compute accuracy
(1) Compute Taylor expansion of the numerical scheme

- Express u(t* + h) at position (u*, t¥)

(2) Compute Taylor expansion of the exact differential equation

- Express i(t* + h) at position (u*,t¥), given @' (t*) = F(u*,t¥)

(3) Compare both expressions
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RK2 - Accuracy

(1) Compute Taylor expansion of the numerical scheme
RK2 definition: u(t* + h) = u* + 5 (k1 + k)
ky = h F(uk,tF)
ky = h F(u® + k1, t* + h)

= ky = h (F(uk,tk) 1 ky %_;L(uk’tk) +h %_t(uk,tk) + (’)(h2)) (differential on k; and on h)
= ky = hF + h*F ?9_5 + h288—t + O(R*)  (dropping parameters (u*, t*))
1 OF OF
k _ kot 2 2 3
u(t* +h) = u +2[h]—"+ (hF+h - F+ W = 4 O(h ))]
h? ( OF OF
k _ Lk 3
= u(t* +h) =u* + hF + 5 <au F+ 8t)+0(h)
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RK2 - Accuracy

(2) Compute Taylor expansion of the exact differential equation
2

h
a(t® 4+ h) = a(t’) + ha' (t*) + 717/’(7:"’) + O(h®)
Assuming exact solution at t*: @™ (t*) = u(™ (t*) + Injecting the ODE relation v/ (t*) = F(uF, t¥)
h* dF

= (" 4+ h) = u(t?) + h F(u",t*) + TE(uk,tk) + O(h?)
2
= a(t" + h) = u(tt) + R F(u*,t*) + % (%—i( B o/ (8%) + %—f(u’“,t’“)) + O(h?)
2
Drop parameter (u*,t*) = a(t* + h) = u* + h F + % (g—z— F + %F) + O(h?)

(3) Compare both epxressions

v = ||@(tF + h) — u(t® + h)|| = O(R?)
= RK2 is 2nd order accurate
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RK2 - Stability

Study v'(t) = Au(t) = F(u,t) = Au(t)
-k; = h F(uF,tF) = h AP
ko = h F(uF + k1, t* + h) = h X (uF + hAuF) = (hX + h2X?) uF

= gkl =k + %(kl + kg)
h2
= o = (14 b+ 7)\2)11,’“

h2
Stability condition |1 + A + 7)3 <1

= RK2 is conditionnaly stable (explicit method)

More stable than explicit Euler

(Still unstable for oscillatory 1D spring)
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Other Runge-Kutta methods

Midpoint method (2nd order accuracy)
ki, = h F(uf,tF)
ky = hF(uf + k1 /2,t* + h/2)
uF Tl = uk - hk,y
RK4 (Classical Runge-Kutta)
ki = h F(u*,tF)

k h
_ k 1 Lk
ke = h F u—i——z,t—l——2
k h
_ k 2 Lk
ks = hF u—l——2,t —I——2

ky = hF (u" + k3, t* + h)
1
uFt = of 4 E(kl + 2ky + 2k3 + ky)
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RK4 - Case study

- Rk4 conditionally stable for oscillating spring
Not permanent oscillations: Slight decrease of magnitude through time

- Large improvement of accuracy compared to implicit Euler

h? VIR VeV
1—i—h)\—|—7)\+—)\ —i—ﬂh)\

<1
6 =

Stability region:

In the case of oscillating spring: A = i4/ K /m = iw
Stable if |1 + ihw — & w? — % wd + Lot < 1

:>1_ hﬁwﬁ + h8w8 S 1

72 576
= h® Wb (h?w? — 8)/576 < 0
B < 232 932 . 28

W T VKm . JK/m

h = 0.2, error rk4 ~ 10~*
- red: true solution

- black: rk4

- magenta: implicit Euler

46/60 )




Dormand Prince (ode45)

ki = h F(uk, tF)

35 500 125 2187 11
1 1 k+1 — k oY . il
kzzh]:<“k+gk1,t’“+gh us =R agg kit et qoa R T e T gat
5179 7571 393 92097 187 1
3 9 3 ML — oy 1 h k ks + ——Fky — k ke + —Fk
ks =hF (u’“r okt 4—0k2,t’“ + 15" K * <57600 1T 16695 T 640" T 330200 T 21007 T 20"
44 56 32 4
_ k Z2q. 9% = ko =
k*4—h.7-'<u —|—45k1 15]€2+ gkg,t +5h
19372 25360 64448 212 8
ks = h F -k ks — ——ky,t* + —h
° F(“ T es61 T 2187 2T emel ¢ 720t Ty
9017 355 46732 49 5103
ks = hF (u* ki — -k ks + ——ky — ——— ks, t* +h
0 (“ T 3168 T 332 hoar BT 176" 18656 " T )
35 500 125 2187 11
_ k ey _aebrn o k
by =hF (“ T aga™ T 13" T 02 M T rsa T aao! +h)
k+1 k+1 -

uy — is 5th order, u, " is 4th order = Automatic error estimation for adaptive time steps.
Embedded method

[J. Dormand, P. Prince. A family of embedded Runge-Kutta formulae. J. of Computation and Applied Mathematics, 1980].
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Symplectic methods / semi-implicit
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Introduction to symplectic methods

Standard approaches trade-off
- Explicit methods: (+) Simple to compute, (-) limited stability
- Implicit methods: (-) Hard to compute (especially on non linear functions), (+) very stable
- Oscillatory systems are not easy to model
(-) Numerical solution either diverge or converge.

Symplectic approach
- Remark: Mechanical systems have position and speed variables
- Derivative of position is linear w/r speed
- Derivative of speed is more complex (forces - non linear)
= General idea: separate treatment of speed and position

Semi-implicit:
- Implicit scheme for position p**! (linear part)

k+1 (non linear part)

k+1

- Explicit scheme for speed v
= In practice: use speed v**! to evaluate p
Pro
(+) As simple as explicit method to implement
(+) Improved stability
(+) Well adapted to oscillatory systems
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Semi implicit method

Simplest semi-implicit method: Semi-implicit Euler / Verlet

General case
vPHL = oF + b F,(pF, o, tF)

P = pk o+ B, (pF, oF L, )

Application to classical mechanical cases

p'(t) = v(t),mv (t) = F(p,v,t)

Bl — b o B(pk o
:>{vk+1 vk+ ks_pl,v’ )/m pk+1:pk+h(vk+hF(pk7vk7tk))
Pt =p" 4+ hv

Expressed using positions only

k1 _ ok 4 p (pk—Pk_l h F(pF. vF. t* )
(+) Trivially easy to convert explicit Euler to semi-implicit Euler P Pt T (p", 0", 27)/m

= pF = 2pF — p*~1 + A2 F(p,v,t)/m

1st order accurate (like explicit/implicit Euler) in position and speed.
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Stability on oscillatory system

1D spring system: F(p*,v*,t*) = —K p*
Pl =2pF — pFl 2 K fmph

- pk+1 — (2 . h2 K/m) pk . pk—l

2
K/m

Stable and permanent oscillation when h <

Demonstration
- Study the roots of the associated caracteristic equation
-2+ (y—2)z+1=0,withy = h> K/m

- Discriminant A = y(y — 4), with roots r =

(2—y)+/y(y—4)
2

- Two cases:
A<0=1yclo,4]:r= (2_y)ﬂ2V iy Ir| =1/24/(2 — y)? + y(4 — y) = 1 = Permanent oscillations (stable)
A>0=y<0, ory>4:|r| > 1Unstable solution

2

v EK/m

- Finally, stable for y €]0,4[= h?K/m < 4 = h < , and system oscillate permanently
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Higher order symplectic

2nd order Velocity Verlet

OFTL/2 Gk 4+ %F(pk,’vk,tk)/m
phtl — pF 4+ hott1/2
s — P tL/2 o %F(pk+1,vk+1/2,tk+1)/m

) . . . . < 9
Remains stable with permanent oscillation for h < N

- Still simple to implement

Example for 1D elastic spring

for(int k=0; k<N; ++k) {

v=V+ h/2* (-K/m*p);
p =p + h*y;
v=vVv+ h/2* (-K/m*p);
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Comparison between approaches

Smallh = 0.2/w

0\

True solution , Semi-implicit Euler , Velocity Verlet , Runge-Kutta RK4

- RK4 - best behavior (undistinguishable from true solution)
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Comparison between approaches

i
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- Symplectic integrator keep oscillating




Summary and extensions
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Summary of numerical schemes

Implicit methods
(+) Good to deal with stiff problem - very stable
(-) Add numerical damping (converge even if solution oscillates)

(-) Hard/computationally costly to apply on non linear problem

Explicit Runge-Kutta
(+) Good accuracy
(+) Efficient to apply
(+/-) Stability OK for non-stiff problem, diverge on stiff problem
(-) Artificial damping for constant energy system

Symplectic integrator
(+) Handle well constant energy system, preserves energy (Hamiltonian systems)
(+) Simple and efficient to implement
(-) Less accurate than RK

(-) Diverge on stiff problem

Explicit Euler should be avoided - worst in all situations
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Extension - Automatic time steping

Ajust h to limit errors at each step

(1) Evaluate error in comparing:

ui(t+h)
- u’f computed using one step h O
- ué’ computed using two steps h/2. xe
-k = fluf — |

® u(t+h
(2) Using embedded method e* = |ju} — u}|| uz(t + h/2) / ( )

Update
-h™¥ = A hwhene® < Cy, (4 > 1)

u(r) ®
-h"* = h/A when e* > C,
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Implicit Euler on non-linear problem

WP = b B F (UL )

- For high dimensional JF - no explicit known inverse function

kE+1

- Idea: Linearize F at u*, assuming ||u u¥|| small.

OF
k+1 _ K kogktl k+1 K koghtl
Tt =u —|—h(.75(u,t )+ (u u)au(u,t ))

= (I—hZ(ub, b)) WP = (I— h 22 (W, tFH)) Wb + R F(uF, 5 T)
oOF

~1

- In theory only conditionally stable; In practice: very stable

- Requires the expression of Jacobian matrix %—f - large sparse matrix

- Requires inversion of a linear system at every steps
= Used for stable simulation with large time step
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Implicit Euler on non-linear problem - particle system

For standard particles systems
PPt = gk pok
) ,Uk+1 — ,Uk + hM—l F(pk+1,’vk+1)

With M the diagonal matrix of particles masses, assuming force F' doesn't depends on t.

Linear approximation on force F'

M,Uk+1 _ M’Uk + h(F(pk,’Uk) i (pk—H _pk)g_i( k,’Uk) i (,Uk+1 . ,Uk)aa_f(pk,vk))
o (M- R2E _ 2 - (Mon%E) far
ov Op ov

[D. Baraff, A. Witkin. Large steps in Cloth Simulation. ACM SIGGRAPH 98]
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https://www.cs.cmu.edu/~baraff/papers/sig98.pdf

Position based dynamics (PBD)

Non-linear constraints (non penetration, constant length, etc)

- can make explicit integration diverging (arbitrary gain of energy)

- are hard to integrate within implicit integrators

PBD - Use symplectic integrator expressed using position only
- Speed is computed implicitly as (p*™ — p*)/h

- Handle constraints using explicit projection of positions.

PBD algorithm
For all k
Integrate position (without constraints) pl[k+l]=integrator(p[k],plk-1],t}
For all constraints
Project p[k+1] on constraints
Compute new speed if needed v[k+1]=(p[k+1]-p[k])/h

(+) Unconditionnaly stable even for stiff constraints Popular in Computer Graphics

(+) Slmple to lmplement [M. Muller et al. Position Based Dynamics. VRIPHYS 2006]

(-) Low accuracy, no energy preserving Extensions: XPBD, Projective dynamics, ...
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http://matthias-mueller-fischer.ch/publications/posBasedDyn.pdf

