Interpolating positions

Spline trajectory
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Objective
- Given a set of key-positions (positions+time) we want to find an interpolating space-time curve

o
(ps,ts)

(p1.t1) (p2.t)
(Pa,t4)
(Po,to) ‘ (ps,ts3)
- Input (p,,;, tz),’t - [O, N — ]_]
- Qutput

- Space time curve p(t),t € [tg, tn_1]
- Space time curve p(t;) = p;
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Linear Interpolation

- Simplest solution: linear interpolation between each sample pairs (p;, D; 1)

p(t) = (1 —a(t))pi +at)pia ¢

-Vt € [ti,ti+1], Oé(t): t —1t;
tit1 — L

Pros ‘ /

- Simple (“ /

- Constant speed between keyframes s

—0
Easy to ajust

Cons

- Non smooth trajectory
- Generates straight segments

Artists prefer non straight trajectories for "real" looking motion
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Smooth curve

Objective: Generate a smooth interpolating space-time curve

Classical Idea Use polynomials curves

p(t) — Z— az(t) Di
a(t) =Y ct’

(;) polynomial basis function of degree d

Which polynomials/degree choose ?
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Lagrange polynomial interpolation

Naive idea: Interpolate all points at once

N-—1

Vit € [t07tN—1] , p(t) — Z az’(t) pi Vi€ [OaN - 1] p(ti) — Di
1=0

Degree of polynomial : NV — 1

- Known solution: Lagrange polynomial

N-1 N-1 Py
— Uk

p(t) = ) ai(t) ps ai(t) = |] P
i=0 k=0k#£i k

- Explanation: By construction o;(t;) = 1 and a;(t;) = 0

(+) Interpolate all points
(-) Large oscillations between samples for large degree.
(-) Non local influence

=> Not used in practice
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-

Lagrange polynomial interpolation : Comparison

Ex. Global effect on curve when two samples are added.

10 samples 12 samples

6/11



file:///home/damien/INF585_slides/_site/04_interpolation_position/pdf/content/04_lagrange/index.html
file:///home/damien/INF585_slides/_site/04_interpolation_position/pdf/content/06_spline/index.html

Spline

Idea
- Define on each part a polynomial
- Smooth junctions between them. (b1

How to choose the polynomial o) (1)

- Sufficiently high degree to be smooth

- Sufficiently low degree to avoid oscillations
(P,t,)
(Po:ty) £
d
=> In Graphics cubic polynomials are often used Py

2 . . . .
Allows up to C* junctions Each color 1s another polynomial
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Hermite interpolation

Hermite interpolation : cubic curve interpolating points and derivatives at extremities

d

0
Consider the following constraints

{ p(s) = c38° + cas® + 15 + ¢ )
p(0) = po, p(1) = p1, p/(0) = do, P/(1) = dy : pNi

—> System of equations

( (

Co = Po Co = Po
< cs+ ¢+ ca+ c =p I c1 = dy
C1 = dy co = —3po + 3p1 — 2dy — dy
L33+ 20+ =d | ¢33 =2po — 2p1 +do+dy

Vs €[0,1], p(s) = (28° — 35>+ 1) py + (8° — 25% + 5) dy + (—28° + 35%) p; + (s° — s%) d;

t—t,
tiv1 — 1 8/11

For arbitrary t € [t;,t;, 1], we set 8 =
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| Wrap-up Algorithm Q

Compute p(t) as a cubic spline interpolation

- Given keyframes (pi, tz’)ie[O,N—l]
-Given time t € [tl, tN_z]

1. Find ¢ such that t € |t;, ;. 1]

Pi+1 — Pi-1 and dyq = p Pi+2 — Di
’ +1 —
tiv1 — ti—1 z titva — L

2. Compute d; = U

3. Compute p(t) = (28 —3s* +1)p; + (8° —2s* + 5)d; + (—25° + 35%) piy1 + (8° — %) diq
t —t;

tiv1 —ti

with § =
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Limitation of cubic curve interpolation

- Only C!, but not C? at junctions : Curvature/acceleration discontinuity

- Force C? continuity for cubic polynomial (global linear system to solve - loose local structure)
- Consider higher degree polynomial

- Non constant speed along each polynomial

- Reparametrization with curvilinear length

dL

- - - - - - - -
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Curve editing

- Animation software (Maya, 3DSMax, Blender, etc) always come with a curve editor.

- Artists can manually ajust their position, time, and derivatives on curve editor.
- One curve for each scalar parameter
- position (:13, Y, z)
- scaling (sw, Sy, Sz)

- rotation/quaternion (qg;, 4y, 4z, Qw)

- Can also use a wrapper function w to change time p(t)

@ Animation | Dn,g_
B> | L0 (o] (o]

Cube E Tumll!-DDagrleu
¥ Cube

¥ L Transform
Position,x
Positicn.y
Position.z
Rotation.x
Rotation.y
Rotation.z

g

Sealex
scaley
Scalex

b 2 Cube (Mesh Filter)

b 5 Box Collider

b a: Mesh Renderer

» _Animation

b JDefault-Diffuse (Instance) (Material)

100 OSel0n + ¥

Ll = i = = = =

vf—f‘

Shew: All Defauln
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