Animating fluids (I)

Stable Fluid
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Solving Navier-Stokes on grid

"Brute force" approach
- Rectangular grid filled with fluid
- Use finite differences on the grid for Navier-Stokes equation

ou 1
FT ——pr—I—f—(u-V)u+VAu
div(u) = 0

(-) Stability conditions
(-) Loose advection details on the grid
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[ Modeling the Motion of a Hot, Turbulent Gas. N
Foster and D. Metaxas. SIGGRAPH 1997 |
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| Stable Fluids - Idea

Well known improvement: Jos Stam, Stable Fluids, ACM SIGGRAPH 1999

1
%: — (v V)u+vAu— —Vp
ot 0

-1/p Vp: Pressure term only used to ensure divergence free

- Similar to Lagrange multipler for constraints

1st Idea

Remove pressure term

Replace by explicit projection on divergence free vector field P
ou

= 5 =P(f— (u-V)u+rvAu)

table Fluids. J. Stam. 1999
[ Stable Fluids. J. S SIGGRAPH ]
'nd Idea [ Real Time Fluid Dynamics for Games. J.
Stam. Game Dev. Conf. 2003 |

Compute each terms one after the other

VLN u’f%ulgﬁulgﬁukﬂ

N~ ~~ ~ ~
add forces dif fuse project advect

f vAu p (u-V)u
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| Stable Fluids - General Algorithm

t =t+h
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1 - Diffusion
of

Use finite difference on 57 =V Af

Notation: f;,,y = f(k, Az, k, Ay, k; At)

Explicit schemes may oscillates/diverge for large time steps
—> Use implicit scheme for unconditional stability

k+1 k k+1 k—l—l k+1 k+1 k—i—l k+1
fw,—gb _-fa:,y . (f:c+1y2f fw 1,y f:cy+1_2f fwy—l—l)

At B (Ax)? (Ay)?
Assuming Az = Ay =1

L+ 4vAt) £t —v AU, + By + Fh + £55) = £y

Use Gauss-Seidel iterative method to solve the sparse linear system

Initialize f**1 = f*
fort = 1..Npax

fEl= A (fF +a(fitl, + o, + il + fiit) , a=vAt
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2 - Advection

- Advecting a scalar field f along u

0
L (p.1) +ulp,1) -V = 0

- Advecting a vector field f along u

of
ot

(p,t) + (u(p,t) - V) f =0

Advection = move some function along given velocity u.

- In Navier-Stokes advect the velocity
itself f = u

- Can also advect density, color, texture
coordinates, etc. to visualize the

motion.

6/12



file:///Users/damien/Dropbox/drive/teaching/2023_2024/inf585/lecture/inf585_lecture_slides/_site/19_fluids_I/pdf/content/02_stable_fluids/02_computing_diffusion/index.html
file:///Users/damien/Dropbox/drive/teaching/2023_2024/inf585/lecture/inf585_lecture_slides/_site/19_fluids_I/pdf/content/02_stable_fluids/02_computing_diffusion/index.html
file:///Users/damien/Dropbox/drive/teaching/2023_2024/inf585/lecture/inf585_lecture_slides/_site/19_fluids_I/pdf/content/02_stable_fluids/04_computing_advection/index.html
file:///Users/damien/Dropbox/drive/teaching/2023_2024/inf585/lecture/inf585_lecture_slides/_site/19_fluids_I/pdf/content/02_stable_fluids/04_computing_advection/index.html

(

2 - Computing advection

Advecting generic value f along u

Idea Compute value of f at time ¢ at fixed position
grid p in moving back at t — At.

p
Value of f advected at point p at time t was at p()l. p/

position Pprey = p — At v(p,t) attimet — At. | o
— f(pa t) — f(pprem t — At)

Dprev 18 not a grid point coordinates: Use interpolation
Can use Bilinear interpolation

f(pprev) — (]- —Oé) (]- _6) Poo (]- _a)ﬂpOl —|—Oé(]. _/B) plO_I_aﬁpll
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3 - Divergence Free Vector Field

Before projection:

After projection:
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3 - Projection to divergence free vector field

Consider a general vector field w

Helmoltz decomposition: w = u + v
- u: Divergence free vector field such that div(u) = 0
- v: Gradient field v = Vq, @ scalar field.

q satisfies a Poisson equation

div(w) = div(u) + div(v) = div(w) = div(Vq)
=0 A\q

Method- Given an input field w
1. Compute q as solution of Aq = div(w)
2. Compute u = w — V¢
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3 - Projection to divergence free vector field (Algo)

Input vector field w = (w?®, wY)
Note: we assume in the following Ax = Ay = 1

1- Compute d = div(w)
dey = (W2, —wW*_, +w! . —w! )/2
Z,Y z+1,y x—1,y z,y-+1 x,y—1

2 - Compute q in solving Aq = b

(q«’v+1,y + @z-1,y — 2 qiv,y) + (qﬂc,yﬂ + @zy-1 — 2 Qw,y) = dyy
= 4ey = Qer1y T Qe-1y T Qey+1 T Guy—1 — day

ex. Numerical iterations using Gauss Seidel

Initialize ¢ = 0
Fori = |1..Npax]
qq;,y — 1/4 (qw+1ay qw—lay qmay+1 qw7y_]- - dw7y)

3-Compute u = w — Vq
Usy = Way — (Qoi1y — Qo195 oyl — doy—1) /2
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(

Handling boundaries
Boundariesz = 0,z = N, — L,y =0,y =N, — 1

need special care

- For density
Assume value C° continuity on the boundary

Row/Column f; 0 = fz.1, fo, = f14 etc.

- For velocity: f = (f*, fY)
Assume reflexion on walls

Row: fr0 = ( T 5,1)
Column: fo,y — (_fic,y7 fiy,y)

- In all cases: Average value for corners

f0,0 — (fl,O + fo,l)/Z, etc.

Copy/Reflexion
¥, N
J /
Average

t---
1
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| Stable fluids example

Amanda Ghassaei 12/12
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